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Abstract. Let p be a polynomial in one variable whose roots either all have multiplicity 
more than 1 or all have multiplicity exactly 1. It is shown that the universal C*-algebra 
of a relation p{x) — 0, ||a;|| < 1 is semiprojective. In the case of all roots multiple it is 
^ ^ shown that the universal C*-algebra is also residually finite-dimensional. Applications 

to polynomially compact operators are given. 
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Introduction 

The "general lifting problem" in C*-algebras is a class of problems which are formulated 
in the following way: for a quotient C*-algebra A/ 1 and its element b with some specific 
properties, to find (or to prove the existence of) a preimage of 6 in A with the same 
properties. Lifting problems are closely related to the theory of stability of relations 
which, roughly speaking, investigates when "an almost representation of a relation" is 
"close" to a representation (for strict definitions see [5]). 

By a relation we mean a system of equalities of the form /(xi, x^, xj, x* ) = 0, 
where / is a non-commutative polynomial (an element of the corresponding free algebra), 
I which can include also inequalities of the form < c or ||xj|| < c (they also can be 

QJ^ ' written as polynomial equalities if one extends the list of generators). 

^ . Recall that a C*-algebra D is projective if for any C*-algebra A, its ideal / and every 

*-homomorphism (p : D ^ A/I, there exists (p such that the diagram 

oo : A 

O 



■ commutes. 



> 




: D — ^ A/ 1 

mmutes. 

A C*-algebra D is semiprojective if for any C*-algebra A, any increasing chain of ideals 
/„ in A and for every *-homomorphism : D — t- A/ 1, where / = [J/„, there exist n and 
*-homomorphism cp : D ^ A/In such that the diagram 

A/In 

D^A/I 

commutes. 

A C*-algebra D is weakly semiprojective if for any sequence of C*-algebras Ai and any 
*-homomorphism (p : D — )■ J^Aj/^Aj, there exists a *-homomorphism (p : D ^Y\Ai 
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such that the diagram 



D 




commutes. 



These notions provide an algebraic setting of hfting and stabihty questions: a rela- 
tion is liftable (stable, weakly stable) if and only if its universal C*-algebra is projective 
(semiprojective, weakly semiprojective), [2], Of course it is assumed that the universal 
C*-algebra of a relation exists. Note that in general a relation needn't have a universal 
C*-algebra, but if it includes restrictions < q, for all generators, then the universal 
C*-algebra exists (of course if the relation has at least one representation in a Hilbert 
space). 

Thus given a liftable or (weakly) stable relation there arises a natural question if being 
combined with restrictions on norms of generators it is still liftable or (weakly) stable: 
the positive answer would produce new examples of projective or (weakly) semiprojective 
C*-algebras. 

It was proved in ^ that each nilpotent is liftable and in [S] , [Bj it was asked a question 
if a relation 



is liftable or, in other words, if it defines a projective C*-algebra. In [13] this question 
was answered positively and the main tool was using the technique of M-ideals in Banach 
spaces. 

In ^ it was proved that for each polynomial p in one variable, a relation p{x) = 
is weakly stable (though the proof given in |1] easily implied also stability) but again it 
remained unknown if the universal C*-algebra of a relation 



is semiprojective. In the present paper using approach of [13j we prove this in two "oppo- 
site" cases: when all the roots of the polynomial have multiplicity more than 1 and when 
all the roots have multiplicity 1. 

We prove also that for polynomials with all roots multiple, the universal C*-algebras of 
such relations are residually finite-dimensional (have separating families of finite-dimensional 
representations). Note that this in no way means that these algebras are small. For poly- 
nomials of degree more than two they all are non-exact. 

Theorems [TT] and [T3] concern well known questions of C. Olsen. Let T G B{H), p{x) 
be a polynomial in one variable. Olsen's questions are: 

1) Does there exist a compact operator K such that \\p(T + K)\\ = ||p(T)||e? 
(by II T lie the essential norm of T is denoted). 

2) Can this K be chosen common for all polynomials? 

The questions are still open but there are partial results (pQ, [5], [ID], [H], [3], IS])- 
In particular Olsen proved (|9j) that under the assumption that p(T) is compact, such K 
always exists. In this paper we prove that under the same assumption K can be chosen 
common for polynomials p{x) and x in the case when either all roots of the polynomial 
have multiplicity more than 1 or when they all have multiplicity 1. In other words we 
prove (Theorem [TTl) that for such polynomials if p{T) is compact then there exists a 
compact operator K such that 



x"" = 0, ||x|| < 1 



p{x) = 0, ||x|| < 1 



p{T + K) = 0, \\T + K 



T 



e 
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1. Preliminary results and constructions 
Below we use the following notation. 

By M(/) we denote the multiplier C*-algebra of a C7*-algebra /. 

For a closed ideal / of a C*-algebra A, we denote by a — )■ d the standard epimorphism 
from A to A/ 1. We say that a is a lift of 6 if d = 6. 

Given ideals /i C C . . . C / C A with / = |J /„ we use the notation 

Qn-. A^ A/ In 

and 

,oo 

: Alh ^ A/ 1 

for the induced epimorphisms. 

For an arbitrary algebra A, an operator T : A ^ Ais called an elementary operator if 
it is of the form T = Yl!i=i La,Rbi, where a^, 6j G A~^. By Lq., Rh- we denote operators of 
left and right multiplication by Oj and bi respectively. 

A subspace F of a Banach space X is called proximinal if for any x G X there is y eY 
such that ||x — y|| = d{x, Y), or, equivalently, if for any z G X/Y there is a lift x of z such 
that ll^ll = 

Below for any C*-algebra A we denote the set of its self-adjoint elements by A^a- 

Theorem 1. ([13]) Let A be a C* -algebra, T an elementary operator on A. Then, for 
each ideal I of A, TI is proximinal in TA and Tlga is proximinal in TA^^- 

Remark 2. In [13] it was not considered the case of TIsa but the proof is the same, if 
one considers C* -algebras as Banach spaces over R. 

Theorem [1] implies a corollary which was contained in nondirect form in the proof of 
[Theorem 5, [13]]: 

Corollary 3. Let A be a C* -algebra, I its ideal, T an elementary operator on A,b E A/I . 
If, for some lift ag ofb, an element Tao is also a lift ofb, then the set {Ta\ a = b} contains 
an element of norm equal to \\b\\. 

Proof. Let E = {Ta\ a = b}. Then 

E = {Tao + Ti\ i e I}, E = {Tao + x\ x e TT}. 

All elements of E are lifts of b. Indeed let a = b, then a = ao + i, for some i E I. Since 
T is elementary, it preserves ideals, whence (Ti)' = and (Ta)' = (Tao)' = b. This easily 
implies that E also consists of lifts of b. 

Let bi,Ci,i = 1, . . . ,N, be elements of A'^ such that A = J2iLi ^hRci and let B be the 
C*-algebra generated by 6j, z = 1, . . . , X, and /. Let us choose a quasicentral approximate 
unit u\ for the ideal / of B. Then, for each a E E, we have T ((1 — u\)a) G E and 

lim||T((l -MA)a) || = lim || (1 - MA)Ta|| = ||(Ta)-|| = 

(we used here a well known fact ^J, Section 3.L3, that if cx is any approximate unit then 

lim — ex)\\ = \\x\\, 

A 

for any x E A). Hence inf^g?^ \\Tao + y\\ < \\b\\. Since the norm of any lift of b is not less 
than we get inf^^^ \\Tao + y\\ = \\b\\. 

Thus dist(Tao,TI) = inf^g^rj- ||Tao + y\\ = \\b\\ and, by Theorem [H there is yo G TI 
such that \\Tao + yo\\ = \\b\\. Since Tao + Ho ^ E, we are done. □ 



Lemma 4. d{A/I)d = aAa/ala. 
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Proof. Define a map / : aAa — )■ a{A/I)a by f{aba) = aba and extend it by continuity to 
/ : aAa — )■ a{A/I)a. Since /|^ = there is a well-defined map F : aAa/ala — )■ a{A/I)a. 
This is surjection because its image is closed (as the image of any *-homomorphism 
between C*-algebras) and contains a{A/I)a. 

Suppose that x G aAa/ala and F{x) = 0. Let X G aAa be any preimage of x. Then 
there are elements hn & A such that X = lim a6„a. Then lima6„d = and there are 
in & I such that abna — i„ — ^ 0. Hence X E I. Let {ma} be a quasicentral approximate 
unit for I (1 A. Then for any e, there is n such that \\X — abna\\ < e and there is A such 
that ||X — X-u^ll < llafenflMA "O^nMAoll < c. Then ||X — a6„-UAa|| < 3e, dist{X,aIa) < 3e 
whence X G a/a. □ 

A (:7*-algebra A is called SAW* ([I2]) if for any a, 6 G A.^, a6 = 0, there is < ^ < 1, 
z G A'^, such that a^; = a, zb = 0. 

Lemma 5. //A is SAW*, p E A is a projection, then pAp is SAW*. 

Proof. Suppose a, 6 G {pAp)sa, ob = 0. Since A is SAW* there is < z < 1, 2; G A'^, such 
that az = a, zb = 0. Clearly < pzp < 1, pzp G {pAp)~^, apzp = a, pzpb = 0. □ 

Below we write d « e for selfadjoint elements satisfying de = ed = d. 

Theorem 6. ([8\) Let A be a C* -algebra, I — its ideal, such that the quotient A/ 1 is 
SAW*. Let b E A/I be a nilpotent of order n, n > 2. Then there are elements 

< dn-i « e„_i << dn-2 « e„_2 << • • • << 62 << di « ei < Cq = 1 (1) 
and their lifts 

< Dn-l « En-l « Dn-2 « En-2 « . . . « E2 « Di « Ei < Eq = I (2) 

such that 



(^) b = ELi^(ei-i - ej)bdj. 



(a) for any lift B ofb, Yl^=ii^j-i ~ ^■^ ^ nilpotent lift of b of order n. 

Now let an element 6 of a C*-algebra be algebraic with the minimal polynomial p{t) = 
{t—Xi)^^ . . . (t—Xn)'^". In [1] a family of n pairwisely orthogonal projections was associated 
with b in the following way. Let Cj be the spectral idempotents for b and s = Yl^i^i- 
can prove that ej(6 — XiY^Ci = for each i, s is invertible and 

p, = s'/\s-'/' (3) 
are projections with sum 1. Let c = si/253-i/2_ rj.^^^ 

Piic-Xi)^'Pi = 0, (4) 



n 

^Picpi = c. (5) 

i=l 

Theorem 7. The following are equivalent: 

(i) b G A/I has a lift b e A with p(b) = 0; 

(ii) the family {pi} can be lifted to a family of projections in A with sum 1. 

Since in what follows we use ideas from [3], we now sketch arguments from [4j of how 
(ii) implies (i). Let a family of projections {Qi} with = 1 be a lift of {pi}. Since 

Pi{c — Xi)pi is a nilpotent of order ki in a C*-algebra PiA/Ipi = QiAQi/QJQi, by [8J it 
has a nilpotent lift ti G QiAQi of order ki. Now one can check that X]^* + ^iQi is a lift 
of c and pi^ti + XiQi) = 0. As a lift of b we can take S'^^'^i^ti + XiQi)S^/'^., where S 



SEMIPROJECTIVITY OF UNIVERSAL C*-ALGEBRAS GENERATED BY ALGEBRAIC ELEMENTS 5 

is any invertible positive lift of s (to find such S we can take any selfadjoint lift of s and 
then use functional calculus). 

2. Main results 

Lemma 8. Let p{t) = (t — Ai)^^ . . . {t — Xn)''" be a polynomial such that ki > 2, i = 
1, . . . ,n, A be a C* -algebra, I its ideal such that A/ 1 is SAW*. Suppose that h G A/I , 
p{b) = 0, \\b\\ = 1, and a family of projections {pi} associated with b by ^ can be lifted to 
a family of projections in A with sum 1. Then there is a lift bEAofb such that p{b) = 0, 
\\b\\ = l- 

Proof. Let s,c be as above and projections {Qi} in A be lifts of {pi} with sum 1. By 
(jlj), Pi{c — Xi)pi is a nilpotent of order ki in the C*-algebra pi{A/I)pi. By Lemma HI 
Pi{A/I)pi = QiAQi/QilQi. It follows from Lemma and Theorem E] that there are 
ef,df e pi{A/I)pi and their lifts Ef.of e QiAQi satisfying (□) and (E]) such that 

ki-l 



(c-A.)p. = ^(efi-ef)(c-A.)4 



and, for any lift C of c, 

Y,{E^.-Ef){C-\{)Df 

is a nilpotent lift of Pi{c — Xi)pi of order fcj. Let q : A A/ 1 be the canonical surjection. 
We have 

\i=i j=i 

n ki — l n n 

E E ((4-1 ~ ^f)i'^ ~ ^i)'^f + ^iPi) = E^*(^ ~ ^^^^^ + ^^^^ ^ ^PiCPi = C. 
i=l j=l i=l i=l 

Denote E'ri'(^fi - Ef)(C - X,)Df by X,. Since Xf^ = 0, X,Q, = Q,X, = if 2 ^ j, 
and ^ = 1 we have 



n fc — 1 



i=i i=i 

n / n \ n 

J] (X, + A,Q,) - A J = n I E + - ^')^* 

1=1 \i=l / 1=1 \i=l 

n + E(^^ + - ^')^^ = n E(^^ + - ^')^^ = 0- 

i=i V i^i J 1=1 \ ij^i / 

It follows from © that ^'}u\Efl^ - Ef)Df = Qi whence 



n ki — l n ki — l 

j=l j; = l i=l j=l 
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Let S G Ahe any invertible positive lift of s. Since b = s ^I'^cs^l'^ the set 

J2 S-"\Ef[, - Ef )S^'^XS-'/^DfS^'^ \X G A, q{X) = b I 
i=i j=i J 

consists of lifts of b and we have p{X) = 0, for any X ^ S. Then S also consists of lifts 
of b and p{X) = 0, for any X E S. 

Define an elementary operator T : A ^ Ahj 

T(X) = Y.Y. S-"\Efl, - Ef)S^'^XS-^'^Dfs^'\ 

Then £ = {TX\X G A, q{X) = b}. By Corollary [3], in £ there is an element of norm 
1. □ 

Theorem 9. Let p{t) = (t — Ai)*^^ . . . (t — A„)'^" be a polynomial such that ki > 2, 
i = 1, . . . ,n. The universal C*-algebra of a relation p{b) = 0, < 1 is semiprojective. 



Proof. By Theorem 14.1.7 of [S], it suffices to prove that if 6 G M{I)/I, where J = [J J„, 
h ^ h C ...,y{b) = 0, < 1, then there exists iV and 6 G M{I)/In such that 
(ln,oo{b) = b, pip) = 0, < 1. Here by g„,oo we denote the canonical surjection from 
M{I)/In onto M{I)/I. Clearly we can assume = 1 and look for b with = 1. 

By [2], there exists such that {pi} can be lifted to a family {Qi} of projections in 
M{I)/In with sum 1. Denote M{I)/I by A, I /In — by J. Then A/ J = M{I)/I. By 
Kasparov's Technical Theorem, any corona-algebra is SAW*, so the assertion follows now 
from Lemma [HI □ 

Recall that a C*-algebra is residually finite-dimensional (RFD) if the intersection of 
kernels of its finite-dimensional representations is zero. 

Theorem 10. Let p{t) = {t — . . .{t — A^)'^" be a polynomial such that > 2, 
i = l,...,n. The universal C*-algebra of a relation p{b) = 0,\\b\\ < 1 is residually 
finite- dimensional. 

Proof Let H be 1^{N). We will identify M„ with B{f{l, . . . , n}) C B{H). Let ^ C H M„ 
be a C*-algebra of all sequences {xn} such that *-strong limit Xn exists and let X be an ideal 
of all sequences {x„} such that *-strong limit Xn is zero. Then a map i : A/T — )■ B{H) 
sending each sequence {xn} to its *-strong limit is an isomorphism. The algebra B{H) is 
SAW*. Indeed if T, G B{H), TS = then for Z equal to the projection on (RanS)-^ 
one has TZ = T, ZS = 0. Thus A/Z is SAW*. Let pi, . . . ,p„ be a family of projections 

in A/I with sum 1. Let Hj be a range of projection i{pj), {e\''^}i^-M be an orthonormal 
basis in Hj. Then e^i \ . . . , e["\ . . . , e^^\ ... is an orthonormal basis in H. Let Rk be a 
projection on the first k basis vectors. Then sequences {RkPjRk}ken £ A are projections 
with sum 1 and are lifts of Pj. By Lemma [8] each *-homomorphism from the universal 
C*-algebra of a relation p{b) = 0, ||6|| < 1 to A/I lifts to an *-homomorphism to A. Let vr 
be the universal representation of the universal C*-algebra of a relation p{b) = 0, < 1. 
Then any lift of i~^ o vr has to be injective and hence gives a separating family of finite- 
dimensional representations. □ 

Theorem 11. Let T G B{H) and p{t) = (t — . . .{t — A„)*^" he a polynomial such 
that ki>2,i = l,...,n. Suppose that p{T) is compact. Then there is a compact operator 
K such that p{T + fsT) = 0, ||T + K\\ = ||T||e. 
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Proof. Let b be the image of T in Calkin algebra B{H)/K{H), C = \\T\\e. Then p{b) = 0, 
= C. The assertion follows now from Lemma [8], Kasparov's Technical Theorem and 
the well-known fact that orthogonal projections (with sum 1) in Calkin algebra can be 
lifted to orthogonal projections (with sum 1) in B{H). □ 

Now we consider the case of a polynomial whose roots are real and have multiplicity 
one. 

Theorem 12. Let p{t) = (t — ti) . . . (t — tn) be a polynomial such that ti G M, tj 7^ tj when 
i 7^ j. Then the universal C*- algebra of the relations p{x) = 0, \\x\\ < C is semiprojective. 

Proof. Let A be a C*-algebra, {/„} an increasing chain of ideals of A and / = lJ/„. By 
gjv : y4 — 7- A/ In we will denote the canonical surjection and for an element a in any A/I^, 
G N, by a we denote its image in A/ 1. 

Suppose X e A/I, p{x) = 0, ||a;|| < C. We have to show that x has a lift X in A/Ij^, 
for sufficiently large N, such that p{X) = 0, ||X|| < C. 

Let s and Pi be as in (|3]) and let y = J2i=i ^iPi- O and ([5]), x = s^^^'^ys^^'^ . Fix any 
invertible lift 5* of s. Define T : A ^ Ahy 

T{a) = S-^/^aS^'\ 

a e A. Let Yo be any selfadjoint lift of y. We have ||(TFo)|| = \\s-^'^ys^'^\ = \\x\\ < C. 
Let 

E = {T{Yo) + T{{)\teIsa}- 
Let {cx} be a quasicentral approximate unit for I < A and 

ZA = l-(l-eA)'/'. 
Then {ix} is also a quasicentral approximate unit and we have 

dist{T{Yo),TI,a) = inf ||e|| < limsup ||T(Fo) - T {ixYo + YqIx - ^xYo^x) \\ = 

limsup ||T ((1 - ix)Yo{l - tx)) \\ = limsup ||(T(ro))(l - ^xf\\ = 

limsup ||(T(Fo))(l -eA)|| = ||T(Fo)ll < C. 

Since S is invertible, T is also invertible and hence Tlga is a closed subspace of TAga- By 
Theorem [H there is io G Isa such that dist{TYo,TIsa) = \\TYq — Tio\\. Let 

Y = Yo- lo. 

Thus we found a self-adjoint lift Y oi y such that 

\\S-'I^YS'I''\\<C. 

Let Oj, i = 1, . . . , n, be neighborhoods of ti, . . . , t„ such that Oi Oj = 0, when i 7^ j. 
There is 5 > such that if \p{t)\ < 6 then t e[jOi. Since p{y) = 0, by [Prop. 2.14, 0] 
for sufficiently large N, ||p(gjv(F)) || < 6 and hence 

^iqNiY))c(jO,. 

i 

Let Dc be the disk of radius C. Let / be a continuous function on Dc such that 

• f{U) = ti when t e Oi] 

• |/(t)| <C, foranyteDc. 
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Let X = qN{S-^'^f{Y)S^/^) = qN{S-^'^)f{qN{Y))qj,{S^'^). Then X = x. Since 
is normal and cr(/(gAr(F))) = {ti, . . . ,t„}, we have 

(X - ti) ... (X - t„) = qN{S^'''){f{qN{Y)) - h) . . . (/(giv(>^)) - tMS'^') = 0. 
Let pk be polynomials that converge to / uniformly on Dc such that 

sup \Pn{t)\<C. 
t&Dc 

Then 

ll^ll = \\qN{S-'"f{Y)S'l')\\ = hm \\qN{S~'^')PkiqNiY))q^{S'/')\\ = 

lim \\Pk{qN{S-'/'YS'/'m 

fc— ^oo 

and by the von Neumann inequality 

||X|| < lim sup < 1™ sup < C. 

□ 

Theorem 13. Let p{t) = [t — ti) . . . [t — tn) be a polynomial such that ti G M, 7^ tj 
when i ^ j and let T G B{H). Suppose that p{T) is compact. Then there is a compact 
operator K such that p(T + K) = 0, \\T + K\\ = \\T\\e. 

Proof. Let x be the image of T in Calkin algebra. Let C = ||T||e. It is sufficient to find a 
pre-image X G B{H) of x such that p{X) = and ||X|| = C. As in the proof of Theorem 
[12] we define s, y and 5" and find a selfadjoint pre-image Y of y such that 

||^-l/2y^l/2|| 

Since p{Y) is compact, its spectrum is either finite or a sequence vanishing at 0. Hence 
the spectrum of Y is either finite or countable with accumulation points ti, i = 1, . . . ,n. 
In either case one can find neighborhoods Oi, ... ,0n of ti, ... ,tn respectively, such that 
Oif]Oj = 0, when i 7^ j, and cr{Y) C IjOj. Now it remains to repeat the arguments 
from the proof of Theorem [121 CH 
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